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In this paper, we consider the following eigenvalue problem 



■it: 



IIVp-2 II 



u") = Xm(x)\u\P- 2 u, x € (0,1) 



u(0) = «(1) = u"(0) = u"(l) = 0, 

where l<p<+oo,Aisa real parameter and m is sign-changing weight. We prove there 
exists a unique sequence of eigenvalues for above problem. Each eigenvalue is simple and 
continuous with respect to p, the k-th eigenfunction, corresponding to the k-th positive or 
4h " negative eigenvalue, has exactly k — 1 generalized simple zeros in (0, 1). 
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X Introduction 

\ It is well known that fourth-order elliptic problems arise in many applications, such as Micro 
Electro Mechanical systems, thin film theory, surface diffusion on solids, interface dynamics, 
flow in Hele-Shaw cells, phase field models of multi-phase systems and the deformation of an 
elastic beam, see, for example, [161 EE] and the references therein. Thus, there are many papers 
concerning the existence and multiplicity of positive solutions and sign-changing solutions ad- 
dressed by using different methods, such as those of topology degree theory, critical point theory, 
the fixed point theorem in cones and bifurcation techniques [21 HI E31 EH E3 EZ1 H3]. We also 
have known that the p-Laplacian with p ^ 2 arises in, for example, the study of non-Newtonian 
fluids (p > 2 for dilatant fluids and p < 2 for pseudoplastic fluids), in torsional creep problems 
(p > 2), as well as in glaciology (p £ (1,4/3]) (see [20]). Problems with p-biharmonic operator 
attracted growing interest, and figures in a variety of applications, where this operator is used to 
control the nonlinear artificial viscosity or diffusion of non- Newtonian fluids (see [12]). Problem 
with sign-changing weight arises from the selection-migration model in population genetics. In 
this model, m changes sign corresponding to the fact that an allele A\ holds an advantage over 
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a rival allele A 2 at same points and is at a disadvantage at others; the parameter 9 corresponds 
to the reciprocal of diffusion, for details, see [17] . 

Recently, Ma et al. [25] established the existence of the principal eigenvalues of the following 
linear indefinite weight problem 

u"" = Xg{x)u, 35 6(0,1), 

u (0) = u(l) = u"(0) = u"(l) = 0, 

where g : [0,1] — > M is a continuous sign-changing function. However, there is no any information 
on the high eigenvalue. 

In [11] . Drabek and Otani considered the following one dimensional eigenvalue problem 



(\u"\ p - 2 u")" = X\u\ p ' 2 u, x e (0,1) 
u(0) = u(l) = u"(0) = u"{\) = 0. 



They gave a complete characterization of the spectrum of this problem by using the abstract 
result of Idogawa and Otani [21] , Following, J. Benedikt [6] established the similar results 
for the Dirichlet, Neumann and Robin p-biharmonic problem. In [15] . the authors studied the 
spectrum of the following eigenvalue problem 

A 2 p u = Xp(x)\u\ p - 2 u, x e Q, 

where Q is a bounded domain in M. N with N > 1, A 2 u := A(\Au\ p ~ 2 Au) is the p-bihaimonic 
operator, p G L S (Q) is a unbounded weight function which can change its sign, with s satisfying 
the conditions 

for^>2, 
= 1, for £ < 2. 

They showed that the above problem has at least two sequences of eigenvalues 

< A+ < A+ < • • ■ < A+ < • • • , lim A+ = +00, 

k— >+oo 

> \i > \ 2 > ■ ■ ■ > \ k > ■ ■ ■ , lim A^" = —00. 

k— >+oo 

However, no any information has been obtained on the simple and isolated properties of the 
above eigenvalues, even in the case of N = 1, which are very important in the study of the 
global bifurcation phenomena for p-bihaimonic problems, see [TJQT]. Moreover, we dot not see 
whether or not there are other eigenvalues different from the above. 

Motivated by above papers, we study the following one dimensional p-bihaimonic eigenvalue 
problem with 1 < p < +00 

A 2 u = Xm(x)\u\ p ~ 2 u, are (0,1), . . 

u(0)=u(l) = u"(0)=u"(l)=0, 1 ' 

where m(x) is a sign-changing weight function, A 2 u := {\u"\ p ~ 2 u")" . Let / := (0, 1) and 

M{I) := |m € (7(7) meas{x e l\m(x) > 0} > oj . 

We shall show that: 
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Theorem 1.1. Let m G M(I). The eigenvalue problem U.l\) has two sequences of simple 
real eigenvalues 

< A+(p) < A+(p) <■■■< A+(p) < • • • lim A+(p) = +00, 

k— >+oo 

> Af(p) > A2 (p) > • • • > Afe (p) > ••• lim A fc (p) = -00 

fc— >+oo 

and no otner eigenvalues. Moreover, for k G N and z/ G {+, — }, we have 

1. eigenfunction corresponding to eigenvalue A£(p), aas exactly k — 1 generalized simple zeros; 

2. A£(p) is continuous with respect to p. 

The proof is based on variational method, monotone operator theory and convex analy- 
sis techniques. To the best of our knowledge, partial results of Theorem 1.1 are new even in the 
case of m(x) > in / or p = 2. 

It is worth to remark that the sign-changing property of weight function m raises some 
essential difficulties. For example, the Strong Maximum Principle of [Ml [T8] can not be used 
directly in this paper and the operator 0(n) := J I m(x)\u\ p ~ 2 u dx is not monotone any more. 
Another main difficulty which we need to overcome is raised by p-biharmonic operator, for 
example, Picone's identity method will not be holding for problem (11.11) and the Existence and 
Uniqueness Theorem of [32] is also invalid for problem (II. II) . while they are very important in 
the proof of the simple properties of eigenvalues and the zeros of eigenfunctions, respectively. 

The rest of this paper is arranged as follows. In Section 2, we recall/prove some preliminary 
results which will be used later. In Section 3, we prove the existence of the principal eigenvalues 
for problem (II. ip and study some properties of the principal eigenvalues. In the last Section, we 
establish the existence of the discrete eigenvalues for problem (11.11) and conclude the proof of 
Theorem 1.1. 

2 Preliminaries 

From now on, let X be W^{I) n W 2 ' P (I) with the norm ||n|| := (J T \u"\ p dx) 1/p and X* the 
dual space of X. For simplicity we write u n — u and u n — > u to denote the weak convergence 
and strong convergence of sequence {u n } in X, respectively. Firstly, we recall the definition of 
weak solution. 

Definition 2.1. u G X is called a weak solution of problem (1.1) if 

J\u"\ p - 2 u"<p"dx = A J^m(x)(p p (u)(pdx (2.1) 

for any <p G X , where (f p {u) = \u\ p ~ 2 u. 

For the regularity of weak solution, we have the following result. 

Proposition 2.1. Any weak solution u G X of problem U.l\) is also a classical solution of 
problem / TO]) , i.e., u G C 2 (I), <p p (u") G C 2 (I) and u"(0) = u"{l) = 0. 

In order to prove Proposition 2.1, we need the following technical lemma. 
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Lemma 2.1. Let f : R — > M. be a function. For a given xq E ~R, if f is continuous in 
some neighborhood U of xq, differential in U \ {xq} and lim f'(x) exists, then f is differential 

at xq and f'(xo) = lim f'(x). 



X—>XQ 



Proof. The conclusion is a direct corollary of Lagrange mean Theorem, we omit its proof 
here. ■ 

Proof of Proposition 2.1. Firstly, by the embedding theorem (see [H]), we have X C 1,a (I) 
with a = 1 — 1/p, it follows that u G C 1,a (I). According to Definition 2.1, we have 

{ip p {u"))" = \m{x)ip p {u) (2.2) 

in / in the sense of distribution, i.e., 

(M u "))" = ^rn(x)<p p (u) in / \ I (2.3) 

for some I C / which satisfies meas{/o} = 0. Let v := ip p (u"). Then the equation f)2.3p implies 
that v G C 2 (I \ Io). Furthermore, u" = ^ p >{y) G C(I \ Io) where p' — p/(j> — 1). For fixed x*, 
x* E I\I , (J23D follows that 

v{x)=v{x*) + j (v'(x*) + J \m(r)(f p (u{T)) dr \ dt, xel\l . (2.4) 

For any Xq G Io, it is easy to see that (12.41) implies the existence of limf(x), hence limu"(x) 

X—tXo X—tX() 

exists. Lemma 2.1 and u G C 1,a (I) follow that u"(xq) = limM"(x). By the arbitrary property 

x— >xo 

of Xq, we get u G C 2 (I). 

Clearly, u G C 2 (I) implies that v G C(I). For above x*, f )2.3p follows that 

v'(x) = v'(x m ) + j Xm(t)<p p (u(t)) dt, x G I \ Iq. (2.5) 

J X* 

It is obvious that (12. 5p implies lim v '(x) exists. Using Lemma 2.1, we get v'(xq) = limv'(x), 
that is to say v'(x) is continuous at xq. Clearly, (12. 3 p implies that lim v"(x) exists. By Lemma 

X— ¥Xo 

2.1 again, we have v"(xq) = limt>"(x). Therefore, v G C 2 (I) since xq is arbitrary in Jo- 

x— >xo 

It remains to show that u"(0) = u"{l) = 0. Let us choose v G Cq(J) C X. Substituting in 
(12. ip and integrating by parts we obtain 

u"{l)v'(l) - u"(0)v\0) = 0. 

Since f'(l) and v'(0) are arbitrary, it follows from the last equality that u"(0) = u"(l) = 0. ■ 

Let u be a nontrivial weak solution of (II. ip . we introduce the definition of the "simple" 
property of the zero of u. 

Definition 2.2. Let u be a nontrivial weak solution of (II. ip and x* be a zero of u. We 
call the zero x* is generalized simple if m"(x*) = but ^'(x*) ^ or (<p p (u")) ^ 0. 
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Consider the following two functional defined on X: 

A(u) = - I \u"\ p dx, B(u) = - I m(x)\u\ p dx. 
PJi PJi 

We know that A G C 1 (X, R) and the operator is the derivative operator of A in the weak 
sense. We denote L = A' : X ->■ X*, then 

(L{u),v) = J \u"\ p - 2 u"v" dx, Vu, veX, (2.6) 

where (-, •) is the duality pairing between X and X*. 

We have the following properties about the operator L. 

Proposition 2.2. (i) L : X — > X* is a continuous, bounded and strictly monotone opera- 
tor; 

(ii) L is a mapping of type (S+), i.e., if u n — ^ u in X and lim (L(u n ) — L(u),u n — u)<0, 

n— ¥+00 

then u n — y u in X; 

(Hi) L : X — > X* is a homeomorphism. 

Proof, (i) It is obvious that L is continuous and bounded. For any u, w G X with u 7^ w 
in X. By Cauchy's inequality, we have 

U"|2 1 \ w "\2 

u"w" < \u"\\w"\ < 11 2 l 1 ■ (2.7) 
Using f )2.7p . we can easily obtain that 

^\u"\ p dx - J\u"\ p - 2 u"w" dx > J^-^{\u"\ 2 - \w"\ 2 ) dx (2.8) 



and 

\w 



f \m"\ p ~ 2 

"\ p dx - J \w"\ p - 2 u"v" dx > J (\w"\ 2 - \u"\ 2 ) dx. (2.9) 

By (TJSD, (TJSD and ttlty . we obtain 

(L(u) — L(w), u — w) = (L(u),u) — (L(u),w) — (L(w),u) + (L(w),w) 

u'Tdx- I \u"\ p - 2 u"w" dx\ - (I \w"\ p ~ 2 u"w" dx - / \w"\ p dx 



f \v"\ p ~ 2 f \w"\ p ~ 2 

> / \1A^ _ | w "|2) dx _ / (| u //|2 _ | w "|2) dx 

J i 2 J j 2 

> fi (j u "\P~ 2 _ \w"\ p - 2 ) (\u"\ 2 - \w"\ 2 ) dx > 0, (2.10) 
J 1 2 

i.e., L is monotone. In fact, L is strictly monotone. Indeed, if (L(u) — L(w),u — w) = 0, then 
we have 

| u "|?-2 _ \w"\ p ~ 2 ) (\u"\ 2 - \w"\ 2 ) dx = 0, 



so \u"\ = \w"\. Thus, we obtain 
(L(u) — L(w),u — w) — (L(u),u — w) — (L(w),u — w) 
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J \u"\ p - 2 (u" - w"f dx = 0. (2.11) 



If 1 < p < 2, (12. lip follows that u" = w", which is a contradiction. If p > 2, (12. lip implies that 
u" = w" which contradicts u ^ w in X or \u"\ = 0. If = 0, in view of \u"\ = \w"\, we get 
u" = w", which is a contradiction again. Therefore, (L(u) — L(w),u — w)>0. It follows that L 
is a strictly monotone operator on X. 

(ii) From (i), if u n u and lim (L(u n ) — L(u), u n — u) < 0, then lim (L(u n ) — L(u) , u n — 

n— >+oo ' ri— >+oo 

«) = 0. In view of (12.101) . v!' n converges in measure to u" in J, so we get a subsequence (which 
we still denote by u n ) satisfying u'^(x) — > u"(x), a.e. x & I. By Fatou's Lemma we get 

lim [-\u'^\ p dx> !-\u"\ p dx. (2.12) 

n->-+oo J / P J/ P 

From u n — u we have lim (L(u n ),u n — u) = lim (L(u n ) — L(u),u n — u) = 0. On the other 

ra— »+oo ' n— >+oo 

hand, by Young's inequality, we have 

(L(u n ),u n — u) = J \u'n\ p dx — J \u'^\ p ~ 2 u'^u" dx 

> J K\ p dx- j\uy- l \u"\dx 

> l-\ul\ p dx- f-\u"\ p dx. (2.13) 



iP JiP 



According to (J2H2D— d2H3D we obtain 



Inn / - \u"\ p dx = f-\u"\ p dx. 



Tl I 



'I P JiP 

Using the method similar to [T5] , we have 



n— >+oo 



lim / |< - u"\ p dx = 0. 



Therefore, u n — >■ w, i.e., L is of type (S+). 

(iii) It is clear that L is an injection since L is a strictly monotone operator on X. Since 

(L(u),u) ,. 
hm x ; , 7 = hm J/ = +oo, 

|u|| — s-+oo \\u\\ !-+oo U 

L is coercive, thus L is a surjection in view of Minty-Browder Theorem (see [3H Theorem 26A]). 
Hence L has an inverse mapping L _1 : X* — >■ X. Therefore, the continuity of L -1 is sufficient 
to ensure L to be a homeomorphism. 

If / n , / e X*, / n -> /, let Mn = L~ 1 (f n ), u = L~\f), then L(n n ) = / n , L(«) = /. The 
coercive property of L implies that {u n } is bounded in X. Without loss of generality, we can 
assume that u n — ^ u. Since f n — >■ /, then 

lim (L(u n ) - L(u) , u n - u) = lim (/ n ,« n -u) = 0. 
Since L is of type (S 1 .).) , w„ — >• m, so L is continuous. ■ 

Remark 2.1. We would like to point out that the property (iii) of L will not be used later. 
However, this property is interesting and will be used in our following paper. 
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Remark 2.2. Let a(x) be a non- negative continuous function denned on I and 

A(u) = - I {\u"\ p + a{x)\u\ p ) dx. 



PJi 

Repeating the argument of Proposition 2.2, we can show that the derivative operator of A which 
we denote by L is also a strictly monotone operator. 

Set M={uG X\pB{u) = 1} and 

Afc = {if C M | if is symmetric, compact and7(if) > k}, 

where fceN, 7 (if) is the genus of if. Corollary 3.7 and Corollary 3.8 of [12] imply that problem 
(11. ip has at least two sequences of eigenvalues 

< Aj" < A^ < • • ■ < A+ < ■ ■ • , lim A+ = +oo, 

k~ >+oo 

> A7 > A^ > ■ • • > A fc > • • • , lim A fc = — oo, 
and A^ = inf^ g A fc max ug x pA(u) for any k > 1. Moreover, 

A+ = inf | jT \u"\ p dx u e X, Jm(x)\u\ p = l| . (2.14) 

Clearly, is not the eigenvalue of problem (11.11) . From now on, we only consider the case of 
A > 0. In the case of A < 0, we consider a new sign-changing eigenvalue problem 

ApU = \rh{x)u, x £ I, 
u(0) = u(l) = u"(0) = u"{l) = 0, 

where A = —A, rh(x) = —m(x). It is easy to check that 

A+ = -A fc ", k e N. 

Thus, we may use the results obtained in the case of A > to deduce the desired result. 



3 The existence of the principal eigenvalues 

In this section, we shall show that X± is the principal eigenvalue of problem (II. ip . Moreover, 
we shall also give some basic properties of A^ 1 " which will be used later. 

Proposition 3.1. The infimum Xf in \2.1J$ is achieved at some ip G M and Xf is the least 
positive eigenvalue of problem U.l\) . Moreover, Xf = pA(ifj) for s ome ip e M if and only if ip 
is an eigenfunction associated to Af. 

Proof. Firstly, we show that A^ is the least positive eigenvalue of problem (jl.ip . Indeed, 
if it is a solution of (11.11) associated to A G (0, Xf), using u as a test function in (12. ip . we have 



This contradicts A < Xf. 

Applying Theorem 1.2 of |3T| and Lagrange's multiplier rule, we can easily show the rest 
results also valid. ■ 

Furthermore, we also have the following result. 

Proposition 3.2. A^ is simple and the corresponding eigenfunction ip does not change sign 
in I. 

Proof. Define 

J x (u) = A'(u)u - \B\u)u. 

It is obvious that u is a solution of (11. ip with A = A^ if and only if J x +(u) = 0. It is clear that 
if u is a solution of (11.11) with A = A^, then \u\ :— ip is also a solution of (II. ip with A = A^. 

Let u, v be two non-negative solutions of (II. II) with A = A+ and put M(t, x) = max{w(x), tv (x)} 
and m(t,x) = mm{u(x),tv(x)}. It is obvious that M, m G X. Clearly, J X +(M) > and 
J x +(m) > 0. By simple calculation, we can show 

J A +(M) + J x +(m) = J x +( u )+tvj x +{v) = 0. 

It follows that J X +(M) = J x +(m) = 0. Hence, M and m are the solutions of (II. II) with A = A^ 

for all t > 0. By the continuous embedding of X e — >■ C 1,a (I), we know u, v G C 1,a (I) and M, m 
also belong to C l,a (I) with respect to the second variable. 

For any x G /, we divide the rest proof into two cases. 

Case 1. u(xo) = v(xo) = 0. 

Clearly, there exists a constant c such that u(x ) = cv(x ). 
Case 2. u 2 (x ) + v 2 (x ) ^ 0. 

Without loss of generality, we can assume that v{xq) ^ 0. Set to = u(xo)/v(xo). It is clear 
+oo > to > 0. Then we have 

u(x + t) — u(x ) < M(t , xo + t) — M(t , x ) 

and 

t v(x + t) - t v(x ) < M(t , x + t) - M(t , x ). 

Dividing above two inequalities by t > and t < and letting t tend to ±0, respectively, we 
obtain 

d d d 

— u(x ) = —M(t ,x ) = ^^(xo). 

Furthermore, 

d u v(x Q )£u(x ) - u(x )£v(x ) 

(X ) = 22 ^ = q_ 

dx v v z {xo) 
Hence u(x)/v(x) is a constant in /. This completes the proof. ■ 
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Next, we give a version of the Strong Maximum Principle for the p-biharmonic operator with 
sign-changing weight, which plays an essential role in this paper. 

Proposition 3.3. Eigenfunction ip corresponding to A^ is positive in I . 

Proof. Firstly, Proposition 3.2 implies that ip is non-negative in I. Suppose by contradiction 
that if) attains a non-positive minimum over I at an interior point. Without loss of generality, 
we can assume xo be the first zero of if) in I. Set Iq := (0, xo). 

For any G W 1,p (io) H W 2 ' p (Io), let be the extension by zero of on /. It is obvious that 
G X . By Definition 2.1, we have 

I \ip"\ p - 2 ip"(f)"dx= I VT~VV' dx = Xt I m(x)\ip\ p ~ 2 ip(f) dx = Xf [ m(x)\ip\ p - 2 ip(pdx. 

Jlo J I J I Jlo 

(3.1) 

Hence the restriction of if) in I is a non-negative solution of the following problem 

f A 2 u = \tm(x)\u\ p - 2 u, x G (0,x ), , , 

\ w(0) = u(x Q ) = u"(0) = u"{x ) = 0. K } 

In fact, the restriction of ip in Jo is a classical solution of problem (I3.2p . Indeed, Proposi- 
tion 2.1 yields ip in / is a classical solution of problem (II. ip . Hence -0 satisfies (<p p (ip")) = 
Xfm(x)cp p (ip) in J . ^ 

It remains to show that ip"{x ) = 0. Let us choose G Cg(I ) C Wq' p (I ) n W 2,p (io). 
Substituting in (13. ip and integrating by parts we obtain 

iP"(x o )0\x o ) = 0. 

Since 0'(xo) is arbitrary, it follows from last equality that if)"(xo) = 0. 
Letting v := <p p (if)"), we divide the rest proof into two cases. 
Case 1. v'(x ) ^ 0. 

Without loss of generality, we may assume that v'(xq) < 0. Then we can see that if>" > in 
(x — e, xo) and ip" < in (x , x + e) for some positive constant e > small enough. Then -0' 
is a deceasing function in (x , x + e). In view of ip'(x ) = 0, we get ip' < in (x , x + e), thus 
■0 is a deceasing function in (xo, xq + e). By ^(^o) = 0, we have ip < in (xq, £o + e). We arrive 
a contradiction. 



Case 2. v'(x ) = 0. 

For some x\ G (xq, 1], by simple calculation, we show that 



\v{x x )\ 



■J-'o 



Xlm(t)(p p (ip(t)) dt I dx 



■J-'o 



< A||TO| OO)O |'0U,oki - x \ 



which yields 



^"IcoO < ^1 I I oo,0 1 ^ I oo,0 kl - X \ 



1/2 



where | • |oo i0 is the max norm in [x ,Xi]. Taking x\ be such that < \x\ — x \ < (l/AjImloo^) 
we have ip" = in [a; ,a;i]. Moreover, we also can see ip = in [:ro,sci]. Similarly, we can show 
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that there exists a number x_i G [0, xq) such that if) — if)" — in [x_i,xo]. 

At the point x\, for some positive constant E\ small enough, we consider the following three 
cases. 

Case 2.1. v(x) < in (x±,xi + £i). 

Clearly, if)" < in {x\,x\ + £i). Using the proof similar to Case 1, we can show if) < in 
+ Ei), which contradicts ip >0 in I. 

Case 2.2. v(x) = in (xx,xi + Ei). 

It is obvious that v'(xi) = 0. By the proof similar to Case 1, we can obtain there exists a 
number x 2 \ G (xi, 1] such that ip — if;" — in [xi,X2i]. 

Case ^.c?. f (x) > in (xi, Xi + Ei). 

v(x) > in (xi,xi + £i) implies that x± is a local minimum of v, i.e., i/(xi) = 0. Using the 
proof similar to Case 1, we can obtain there exists a number X22 G (xi, 1] such that if) = if>" = 
in [xi,x 22 ]. 

Set X2 := min{x2i, X22}- From above, we have if) = if)" = in [xi, X2]. Similarly, we can show 
that there exists a number x_2 G [0,xi) such that if) — if)" — in [x_2,xo]. If we repeat the 
above process again and again, we can show that if) = in /. Contradiction again. ■ 

Next, we shall show that Xf is the unique positive eigenvalue which has positive eigenfunc- 
tion. The following auxiliary result is needed, which is also interesting in its self. 



Lemma 3.1. For fixed A > 0, the eigenvalue problem 



ApU — \m(x)ip p (u) = fx(p p (u), x E I, 
u(0) = u(l) = u"(0) = u"(l) = 



(3.3) 



has a sequence of eigenvalues 

- 00 < /11(A) < /i 2 (A) < • < /i fe (A) < • • - . 

Moreover, /ii = inf | J T \u"\ p dx — A J j m{x)\u\ p dx u G X, J T \u\ p dx — l|. 

Proof. Define on X the functional 

$(u) = I -\u"\ p dx - A [ -m(x)\u\ p dx, ^(u) = f-\u\ p dx. 
JiP JiP JiP 

Set M = {u G X\p%(u) = 1} and 

T fc = {K C A4|i^is symmetric, compact &nd'y(K) > k}, 
where 'j(K) is the genus of K. Then problem (13.31) can be equivalently written as 

®{u)=ii$'{u), ueM. (3.4) 
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It is known that (fi, u) solves (13. 4p if and only if u is a critical point of $ with respect to A4. It is 
well known that Ai is a closed symmetric C7 1 -submanifold of X with ^ Ai, and <3> G C 1 (A^, M) 
is even. It is obvious that 

> -IAIMoq (3.5) 
for any « e A4, where | • ^ is the max norm in /, that is to say $ is bounded from below. 

We claim that $ satisfies the Palais-Smale condition at any level set c. 

Suppose that {«„} C Ai, \&(u n )\ < c and <&'{u n ) — >■ 0. Then for any constant 6 > p, we get 

c+||w n || > - ^'K)ti n 

> + 

Hence, {||w n ||} is bounded. Without loss of generality, we may assume that u n — ^ u in .M, then 
$'(u n )(M n — iz) — > 0. Hence we have 

$'(«„)(«„-«) = y |m"| p_2 m" (w" — u") dx — A J m(x)\u n \ p ~ 2 u n (u n — u) dx 0. 

By Holder's inequality and the compact embedding of X c — )■ L P (I), we see that 



1 




? 


P 




1 


P 


~ ? 



< 



m(x)|w n | p u n (u n — u) dx 



where | • L is the norm on L P (I). Therefore, we have 



\<r 2 < k-u") dx^o. 



By Proposition 2.2 (ii), we have u n — > u. 

Now, the result can be obtained by applying Corollary 4.1 of [30]. ■ 

Using the similar method to prove Proposition 3.2 and 3.3 with obvious changing, we have 
the following technical result. 

Lemma 3.2. //i(A) is simple and the corresponding eigenfunction u% is positive in I. 

The following technical result is also needed. 
Lemma 3.3. \3. 3\) has a positive solution if and only if \x = A*i(A). 
Proof. Define 

F(u)= l-\u"\ p dx+ [-(c-Xm(x))\u\ p dx, = f-\u\ p dx, 

JiP JiP JiP 
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where c is a positive constant such that c — Xm(x) > for all x G [0, 1]. Problem ( 13 .3p can be 
equivalently written as 

F'{u) = p*?'(u), ueM, 

where p = p + c. Suppose on the contrary that (13.31) with p > pi(\) has a positive solution u 2 . 
Without loss of generality, we assume that Ui < u 2 in I. 
For any <p G X with > 0, we get 

F'( Ul )<p = (/i 1 (A) + c)^'( Ml )0 

< (pi{\) + c) (p p (u 2 )(pdx 



i 



(p + c) J (p p (£u 2 )(j) dx 
F(^ 2 )0, 



where £ = ((^(A) + c)/(/i + c)) 1 ^ -1 ^ < 1. It follows from Remark 2.2 that Ui < £w 2 . Repeating 
this argument n times, we get u\ < S, n u 2 . Letting n — > +oo, we have u\ = in /, which is a 
contradiction. ■ 

Proposition 3.4. The eigenf unction corresponding to A^ for any k > 1 must change sign 
in I . 

Proof. Our partial idea arises from (TJ HH [25] . Let 



S\ = inf | J \u"\ p dx — A j m(x)\u\ p dx u G X, J \u\ p dx 



1 



(13. 5p implies S\ is bounded below. Using Lemma 3.1, we see /ii(A) = inf S\. Therefore, A is a 
principal eigenvalue of ( II. ip if and only if /ii(A) = 0. 

For fixed u G X, A — > jj \u"\ p dx — A J I m(x) \u\ p dx is an affine and so concave function. As 
the infimum of any collection of concave functions is concave, it follows that A — > /ii(A) is a 
concave function. Also, by considering test functions 0i, <ft 2 G X such that Jjm(x)\(j)i\ p dx > 
and J I m(x)\(j) 2 \ p dx < 0, it is easy to see that /ii(A) — > — oo as A — > +oo. Thus, A — > /ii(A) is an 
increasing function until it attains its maximum, and is a decreasing function thereafter. 

Then, as can be seen from the variational characterization of /Ui(A), /ii(0) > and so 
A — > /ii(A) must have exactly one zero. Thus, (II. ip has exactly one principal eigenvalue, A + > 0, 
which is simple, and the corresponding eigenfunction that we denoted by ip+{x) is positive in /. 

We claim that A + = A^ . 

Suppose on the contrary that A + ^ X\ . If A + < A^, then we have 

A+ jjWj{x)\ p dx > . nf WWdx x+ 
Jj m(x)\ip + (x)\ p dx ~ uex,u^o j I m{x)\u{x)\ p dx ' 

which is a contradiction. 

On the other hand, A + > A^ is also impossible. Indeed, Lemma 3.1 implies that A* is a 
eigenvalue of (II. ip if and only if there exists a eigenvalue /i(A) of (13.31) such that /i(A) > /xi(A) 
and /x(A*) = 0. Hence > ^i(^f) > 0, that is to say \f is not a eigenvalue of (11.11) . which 

is a contradiction again. 
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Finally, we prove that the eigenfunction corresponding to A^ for any k > 1 must change sign 
in I. Suppose on the contrary that ( II .ip with A^ has a nonnegative solution for some k > 1. 
Using the similar proof of Proposition 3.3, we can show that is positive. Hence there exists 
a eigenvalue /i(A) of ( 13 .3p such that /i(A) > /ii(A) and /i(A^) = 0, and ( II .ip with \x = //(A) has 
a positive solution u\. Lemma 3.3 implies that /i(A) = /ii(A). However, \i{\\) = \i\{\\) < 
which contradicts /i(A^) = 0. ■ 

Proposition 3.5. A^ is isolated; that is, \± is the unique eigenvalue in (0,6) for some 5 > A^. 

Proof. Proposition 3.1 has shown that is left-isolated. Assume by contradiction that there 
exists a sequence of eigenvalues A n G (A^, 5) which converges to A^. Let u n be the corresponding 
eigenfunctions. Define 

ip n := Y/~- 

{^J I m(x)\u n \ p dx) P 

Clearly, ip n is bounded in X so there exists a subsequence, denoted again by ip n , and ip & X 
such that ip n — ^ ip in X and ip n — > ip in C(I). Since functional A is sequentially weakly lower 
semi-continuous, we have 



f |^"| p rfa; < liminf / \ip"\ p dx = \f 

I n^+oo J j 



On the other hand, j I m(x)\ip n \ p dx = 1 and ip n — > ip in C(J) imply that j I m(x)\ip\ p dx = 1. 
Hence f T \ip"\ p dx = A^. Then Proposition 3.3 follows that ip > in I. Thus u n > for n large 
enough which contradicts u n changing-sign in I. ■ 



4 The existence of the discrete eigenvalues 

From now on, we write m\j to denote the restriction of m on J for a subset J oi I and 
= {s G = 0} for simplicity. Moreover, a nodal domain u of solution u is a 

component of I \ Z(u). In the following, we write X(p, m, I) to denote that A is dependence on 
p, m and /, A(m, /) to denote that A is dependence on m and /. 

Clearly, can be equivalently written as 



a; 



J T \u"\ p dx 
inf max „ — j — — 

A'eA fe ueK J I m(x)\u\ p dx 



or equivalent to, 



which can be written simply, 



a; 



J T m(x) \u\ p dx 

sup min „ — j — , 

A'eAfe «e k J I \u"\ p dx 



sup mm / m(x)\u\ p dx, 
Ker k «eA j 1 



(4.1) 



where = {K D S \K G A^} with S* is the unit sphere of X. Similarly, A^~ can be written 
simply, 



1 

A? 



sup / m(x)\u\ p dx = j m(x)\ip + \ p dx. 

u£S J I 



(4.2) 
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In Section 3, we have shown that A|~ is simple, isolated, the unique positive eigenvalue which 
has an eigenfunction with constant sign and the corresponding eigenfunction ip + > in /. 

Applying (I4.ip . (14. 2p and the similar method to prove [31 Lemma 1, Lemma 2 and Proposi- 
tion 1] with obvious changes, we may obtain the following: 

Lemma 4.1. (i) Let m, m' G M(I), m(x) < m'(x), then for any k, X~^(m', I) < X^(m, J). 

(ii) Let (w, X(m, I)) be a solution pair of M.l\) . m G M(I), then m\ G M(uS) for any nodal 
domain ojofu. 

(Hi) Xi(m,I) verifies the strict monotonicity property with respect to weight m and the do- 
main I, i.e, if m, m! G M(I), m(x) < m'(x) and m(x) < m'(x) in some subset of I of nonzero 
measure then, 

\t(m',I) < \t(m,I) 
and, if J is a strict sub interval of I such that m\j G M(J) then, 

(m, /) < Xf(m\ , J). 

The following lemma play a key role in this section. 

Lemma 4.2. The restriction of a nontrivial solution (u, A(m, J)) of problem U.l\) , on a nodal 
domain u := (a,b), is an eigenfunction of the following problem 

A 2 p u = Xm(x)\u\ p ~ 2 u, x G (0,x ), , 
u(a) = u(b) = u"{a) = u"{b) = 0, { > 

and we have X(m, I) = A^(m| w , u). 

Proof. For any <\> G Wq' p (lo) D W 2,p (lo), let <\> be the extension by zero of (j) on /. It is ob- 
vious that cf) G X. By Definition 2.1, we have 

\u"\ p - 2 u"(f)" dx = [ \u"\ p - 2 u'Ydx = X j m(x)\u\ p - 2 mj)dx = X [ m(x)\u\ p - 2 u<p dx . (4.4) 

J I Jl Jw 

Hence the restriction of u in uj is a weak solution of problem f)4.3p with constant sign. Further- 
more, we have X(m, I) = X^(m\^, I). 

Similar to Proposition 2.1, the restriction of u in u is a classical solution of problem (14. 3p . ■ 

In the next proposition we give an estimate of the measure of the nodal domains of an eigen- 
function u. 

Proposition 4.1. Let u be an eigenfunction corresponding to a eigenvalue X. If u := (a, b) 
is a nodal domain, then 



M > 



i A|m| 00; 

where \u\ is the Lebesgue measure of the set u>, \ ■ is the max norm in u. 
Proof. Lemma 4.2 implies that 

/ \ u "\ p dx = X I m(x)\u\ p dx < Ajml^^ / \u\ p dx. (4.5) 
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And Proposition 3.3 implies there exists a point c such that 

u(c) = maxii(i) > 0. 

For any t, x G u, by simple calculation, we show that 

u'(t) = [ u"{t) dr. (4.6) 



and 



By flU]) and gTD, we have 



X 



u(x) = / u\t) dt. (4.7) 



17 









\u{x)\ = 


1 1 u"{T)drdt 


< M / 




J a J c 


J a 



(4.8) 



Holder's inequality with (14.81) follows that 



\u(x)\ p dx < \u\ p+1 Qf \u"{x)\ dx^j < \u\ 2p jT |«"(x)| p tte. (4.9) 
Combining (14.51) and (14. 9p . we have 

1 < AlmU^lwl*, (4.10) 

which deduces the desired. ■ 

Remark 4.1. From Proposition 4.1, we also can get an estimate of Xf from below: A^ > l/lm^. 

Lemma 4.3. Each solution (u, A(m, /)) of problem U.l\) has a finite number of zeros. 

Proof. Proposition 4.1 implies that u has a finite number of nodal domains. Let {Ji, I 2 , . . . , Ik} 
be the nodal domains of u. Put 7j = (a i: bi), where < a x < bi < a 2 < b 2 < ■ ■ ■ a k < b k < 1. 
It is clear that the restriction of u on (0,6i) is a nontrivial eigenfunction with constant sign 
corresponding to A(m, I). Proposition 3.3 yields u(x) > for all x G (0,&i), so = a±. By a 
similar argument we prove that b\ = a 2 , b 2 = a%, . . ., b k = 0, which completes the proof. ■ 

By the similar method of [3], we also can show the following result. 

Proposition 4.2. There exists a unique real number c 2 ^\ G /, for which we have Z(u) = {c 2 ,i} 
for any eigenfunction u corresponding to X 2 (m,I). For this reason, we shall say that c 2) \ is the 
zero of X 2 (m, I) . 

Now, we prove X 2 (m, I) is simple and the zero c 2j i of u is also generalized simple. 

Lemma 4.4. X 2 (m,I) is simple, hence X 2 (m,I) < X^(m,I). Moreover, c 2 ^\ is the general- 
ized simple zero of u. 

Proof. If u'(c 2t i) 7^ 0, using this fact and the similar method of [3], we can get the conclu- 
sion of this lemma. Otherwise, we claim that v'(c 2y \) ^ 0. Indeed, supposing on the contrary 



15 



that f'(c2,i) = 0, using the similar proof to Proposition 2.1, we can show i>(c2,i) = 0. Then via 
the similar way to Proposition 3.3, we can show u = in /. we deduce a contradiction. 

Let u and u be two eigenf unctions corresponding to A^ (m, J). Similar to the proof of Lemma 
6 of [3J, we can show that there exist two positive constant a, /3 such that u = cm in (0,c 2j i) 
and u = /3m in (c 2j i, &). By simple calculation, we show that 

wW) = a^ 1 ^ = (y^(u"(x)))' j^. (4.11) 

It with v'(c2,i) 7^ follows that a = (3. Noting Definition 2.2, the rest proof is similar to the 
proof of Lemma 6 of [3J. ■ 

The proof of [3j Proposition 3 and Lemma 7] also is valid for our problem, so we can obtain 
the following two results: 

Proposition 4.3. A^m, /) verifies the strict monotonicity property with respect to the weight 
m and the domain I. 



Lemma 4.5. If any eigenfunction u corresponding to some positive eigenvalue A(m, J) is such 
that Z(u) = {c} for some real number c, then A(m, J) = A^ (m, J). 

For k > 2, we can use the similar recurrence argument of [3] to prove that which is an 
eigenfunction corresponding to X^ip) has exactly k — 1 simple zeros in I. 

Proposition 4.4. For any integer k, we have the simple variational formulation, 

1 f 1 

— r = sup min / m\v\ p dx, 

where T n = {K : K is a n dimensional subspace of X}. 

Proof. The proof is similar to the proof of Corollary 1 of [3J , we omit it here. ■ 

Of course, the natural question is that whether or not the eigenvalue functions A^(p) : 
(1, +oo) — > R is continuous? It is well known the continuity of eigenvalues with respect to p is 
very important in the study of the global bifurcation phenomena for p-Laplacian or p-biharmonic 
problems, see [TJ EH QUI HU 1221 HSj- In the following, we will give the confirm answer for this 
question. 

We first show that the principle eigenvalue function A^ : (1, +oo) — > R is continuous. 

Proposition 4.5. The eigenvalue function Xf : (1, +oo) — » R is continuous. 

Proof. In the following proof, we shall shorten A^ to Ai. 

From the variational characterization of \i(p) it follows that 

Ax(p) = su P |a > \jm(x)\u\ p dx < j\u"\ p dx, for all u e C c °° ( I) | . (4.12) 

Let {pj}'jL 1 be a sequence in (1, +oo) convergent to p > 1. We shall show that 

lim Aa( Pi ) = Ai(p). (4.13) 

j— >+oo 
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To do this, let u G C£°(J). Then, from (Q2]l . 



Ai(pj) y m(x)|-u| Pj < y jit")^ dx. 



On applying the Dominated Convergence Theorem we find 

limsup Ai(pj) / m(x)\u\ p dx < / \u"\ p dx. (4-14) 
j^+oo Ji Ji 

Relation (I4.14p . the fact that u is arbitrary and (I4.12p yield 



limsup Ai(pj) < Ai(p). 

j— >+oo 

Thus, to prove (I4.13P it suffices to show that 

liminf Aafe) > Ai(p). (4.15) 

Let {pk}kLi be a subsequence of {pj}°Z 1 such that lim \i(pk) = liminf Ai(pj). 

k— !-+oo j— i-+oo 

Let us fix e > so that p — e > 1 and for each < e < e and kEN,p — e<pk<p + e. 
For fceN, let us choose u k e W^ Pk (I) n ty 2 ' Pfc (J) such that 

i 

\u'l\ Vk dx = l (4.16) 

and _^ ^ 

u'l\ Pk dx = Ai(p fc ) / m(x)K| Pfc dx. (4.17) 
o io 



For < e < £o, (I4.16P and Holder's inequality imply that 

."\\p- £ 

l k\\p—e 



u'Xll < 1. (4.18) 



This shows that {uk}^ =1 is a bounded sequence in Wo' p ~ e (I) n H/ 2 ' p - £ (J). Passing to a subse- 
quence if necessary, we can assume that Uk — w in iy o 1,p ~ e (/) nW /2 ' p ~ £ (J) and hence that u fe — )• m 
in (7^(7) with /3 = 1 - l/(p - e) because the embedding of W^ P ' £ {I) n W 2 > p - £ (I) ^ C X > P (J) is 
compact. Thus, 

\u k \ Pk -> |w| p a.e. x E I. (4.19) 

We note that (14.171) implies that 

Ai(p fc ) / m(ar)|« fc | Pfc tfe = l (4.20) 
for all fceN. Thus letting /c -)■ +oo in (I4.20p and using (14.191) . we find 

liminf Ai(pfc) / m(x)\u\ p dx = 1. (4-21) 

J-S-+OC J 

On the other hand, since Uk — ^ w in W 1 ' p ~ e (/) fl W /2 ' p_e (J), from (I4.18P we obtain that 

IKHJIe < liminf < 1. 
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Now, letting e — > + we find 



\u"\\ p < 1. 



(4.22) 

Hence u G W 2 ' P (I). We claim that actually u G Wq ,p (I) H W /2 ' P (J). Indeed, we know that 
it G W /1 ' P_£ (J) for each < e < s . For G C c °° (R), it is easy to see that 



u(t> dx 



< lK||p-e||9>||(p-e)'- 



Then, letting e — > + we obtain that 



U(f)' dx 



< \\u'\ 



Since is arbitrary, from Proposition IX-18 of [8] we find that u G Wq' p (I) r\W 2 ' p (I), as desired. 
Finally, combining ( 14.2 ip and (I4.22p we obtain 

liminfAi(pfc) / m(x)\u\ p dx > / \u"\ p dx. 

3-++°° Jo Jo 



This together with the variational characterization of \i(p) implies (I4.15P and hence f)4.13p . This 
concludes the proof of the Theorem. ■ 

Next, we shall show that eigenvalue functions A^ : (1, +oo) — > R, 2 < k G N are continuous. 



Proposition 4.6. For each 2 < k G N, the eigenvalue function : (1, +oo) 



is continuous. 



Proof. Let be an eigenfunction corresponding to A^(p). We have known that u has ex- 
actly k — 1 simple zeros in J, i.e., there exist c^i, . . . , Ck,k-i G / such that u(ck,i) = ■■■ = 
u(ck,k-i) = 0. For convenience, we set Ck,o = 0, Ck,k = 1 and Jj = (c^-i, Cfc^) for i = 1, . . . , k. 
Let Xf (p, m\ Ji, Jj) denote the first positive or negative eigenvalue of the restriction of problem 
(11. ip on Jj for i — 1, . . . , k. 

Lemma 4.2 follows that X^(p) = Xf (p, ml Ji, Ji) for i = 1, . . . , k. By the same method as 
Proposition 4.5, we can show that (p, m 4 Ji) is continuous with respect top for i = 1, . . . , k. 
Therefore, X^(p) is also continuous with respect to p. ■ 
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